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Abstract. We give meaning to differential equations with a rough path term and a 
Brownian noise term, that is we are interested in differential equations of the type 

S'^^So+f a{S^)dr+ [ b{S'^)odBr+ [ c{S7)dr]^ 
Jo Jo Jo 

where r/ is a deterministic geometric, step-2 rough path and i? is a multi-dimensional 

Brownian motion. Such differential equations as well as the question of regularity of 

the map 77 n> S** arise naturally and we discuss two applications: one revisits Clark's 

robustness problem in nonlinear filtering, the other is a Feynman-Kac type representation 

of linear RPDEs . 



1. Introduction 
This article gives meaning to differential equations of the type 

(1.1) = So+ [ a (S^) dr + [ b (S^) o dB, + [ c {S'^) drj^, 

Jo Jo Jo 

that is, for a deterministic, step 2-rough path 77 we are looking for a stochastic process S'^ 
that is adapted to a (B) and study the regularity of the map 77 1— > 5^. If either 6 = 
or c = then rough path theory |23| [Ml [SSI [161 115| or standard Ito-calculus allow (under 
appropiate regularity assumptions on the vector fields (a, b, c)) to give meaning to such an 
equation. However, in the generic case when the vector fields b and c have a non-trivial 
Lie bracket, any notion of a solution (that is consistent with an Ito-Stratonovich calculus) 
must take into account the area swept out between the trajectories of B and 77. A natural 
approach is to identify S"' as the the RDE solution of 

(1.2) St = So+ t (a, 6, c) {Sr) d (r, A,) 







where A is a joint, step-2 rough path lift between the enhanced Brownian motion B = 
{1 + B + f B iSi odB^ and rj, and (r. A) is the joint rough path between the random rough 
path A and the bounded variation path r i— r. While the existence of a joint lift between a 
continuous bounded variation path and any rough path is trivial (via integration by parts), 
the existence of a joint lift between two given step-2 rough paths is more subtle and in 
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general not possible. More precisely, let a € (|, ^) and denote with C*^'" (M*^) the space 
of geometric, step-2, a-Holder rough paths over M*^ (we often only write C^'" and d is 
chosen according to context). Fix two geometric, step-2 rough paths r\ = (l + 77^ + rf'^ G 
^0,a {^<i>^^ b = (1 + 5^ + 6^) € C*^'" (M*^). In general, one cannot hope to find a joint rough 
path lift, i.e. a geometric rough path A = (l + + A"^) € C*^'" (M'^"'"*^) such that (formally) 

A -[V ,b) and A - ^^^^^ ^2 J 

since the entries on the cross-diagonal of A^ are not well-defined. (What is guaranteed by 
the extension theorem in [25j is that there exists a weak geometric rough path A such that 

A = (77^, b^), however this A is highly non-unique and no consistency with 77 or b on the 
second level is guaranteed) . In Section [2] we show that in the case when the deterministic 
rough path b is replaced by enhanced Brownian motion B, there does indeed exists a 
stochastic process A which merits in a certain sense to be called the "canonical joint lift" 
of T] and B. In Section [3] we use this lift A to give meaning to differential equations 
resp. (II. 2p and establish local Lipschitzness of the solution map 77 i—)- from the space of 
geometric rough paths equipped with Holder metric into the space of stochastic processes 
adapted to the Brownian filtration equipped with the topology of uniform convergence in 
L'^ (r2)-norm. This is exactly the type of robustness we are interested in and finally allows 
us to turn to our initial motivation: differential equations of the form (jl.ip naturally arise 
in certain robustness problems and in Section |4] we give two such applications. One revisits 
Clark's robustness problem in nonlinear filtering and provides an alternative to the recent 
approach via fiow decomposition carried out in [7J which ultimately leads to a different set of 
regularity requirements on the vector fields, the other one is a Feynman-Kac represenation 
of solutions of PDEs with linear rough path noise. 

Acknowledgement 1. Both authors are grateful for support from the European Research 
Council under the European Union's Seventh Framework Programme (FP7/2007-2013) /ERC 
grant agreement nr. 258237 and DEC Grant SPP-1324. Further, the authors would like 
to thank Dan Crisan and Peter Friz for helpful conversations. The proof of Lemma [T3] 
in the appendix is based on an idea of Thomas Cass and Terry Lyons and found in their 
forthcoming work |0. 

2. The joint lift 

As usual we denote with Lip'^ the set of 7-Lipschitz functions a : M"^! ^ R'^^ in the sense 
of E. Steiifl where di and d2 are chosen according to the context. = M*^ © so (d) is 
the free nilpotent groupQ of step 2 over R'^. We equip the space of geometric rough paths 

^That is bounded fc-th derivative for = 0, . . . , [7J and (7 — [7j)-Holder continuous [7j-th derivative, 
where [7J is the largest integer strictly smaller then 7. 

^This is the correct state space for a geometric Holder rough path; the space of such paths subject 
to Holder regularity (in rough path sense) yields a complete metric space under Holder rough path 
metric. Technical details of geometric rough path spaces can be found e.g. in Section 9 of [15| . 
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C°'° with the non-homogeneous metric Pa-Hdl which makes it a Polish space and denote 
the associated non-homogenous nornj^ on this non-hnear space with |M|q,_//oj, (similarly 
we denote the non-separable space of weak geometric rough paths with , cf . [15' Chapter 
9.2]). 



Theorem 2. Letae (^,h),V ^ 



be an e- dimensional Brownian 



3,2;;'/^- y^J) and B - ) .^^ 
motion carried on a probability space {i},J^,J-'t,¥) satisfying the usual conditions. Then for 
every a' < a there exists a C'^'" (M'^"'"'^) -valued random variable A = on (il, J-", J-^, P) 
which fulfills ¥-a.s. that for every t > 0, 



(2.1) 



A 



hi 



iJi' , ifie{l,...,d} 
'-'^ , z/i e {(i+l,...,d + e} 



A 




, G {1, . . . ,d} 



'^odsr , e {(i + l,...,d + e}. 

Moreover, 

(i) A^ has Gaussian tails, locally uniform in rj: ^r > there exists a constant b 



b{a' ,a,T,r) > such that 



(2.2) 



sup Eexp (6 ||A^|| ^,_j:^Q^) < 00. 

\v\a-Hbl<r 

(ii) r] 1-^ A^ is locally Lipschitz in L'^ : Mr > 0, there exists a constant cup = cup {r, q, a, a') 
such that for all r],f) ^ C'''" with \\r]\\ a-HohWvW a-Hol ^ ^ 



(A^,A^) 



L9(n;IE 



< CLipPa iV, V) ■ 



(iii) A is consistent with the Stratonovich lift for semimartingales: let N be a multidi- 
mensional continuous semimartingale carried on another probability space (il, J^, J-"^,! 
and consider the product space with (fi, J^, J-^ , P) equipped with P(8)P. Denote with 
N resp. {N,B) the Stratonovich lift of the semimartingales N resp. {N,B). Then 
for P-a. e. uJ G we have 



Proof. Define 



a; 




: A^(") {uj) = {N,B){U0uj) 
if i G {1, . . . ,d} 



1. 



a; 



if i G {d + 1, 



i'^Bi-'^odBf 
loVldBi-" 



H^udBl 



..,d + e} ' 

, if i,i G {1,... ,d} 

, if z, j G {d -I- 1, . . . , d -I- e} 

, if i G {l,...,4,j G {l + d,...,(i + e} 

, if i G {d+l,...,(i + e},j G {l,...,(i} 



We denote norms on linear spaces with | . | and "norms" on non- linear spaces (like Gl or C;^'" with 
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Then At = 
(2.3) 



'1 + A] + A?) G 1 + R'^+" + (R"'+") 
5 At = exp [{rjs^t, Bs,t) + witlfl 



and a direct calculation shows that 



so {d) 3 A 



s,t 



^dB] 



i—d 



,j—d 
s,t 



, if i,j e {!,... ,d} 
, if i,j e {d+ 1, ... ,d + e} 
, Hi £{!,..., d},j e{l + d,...,d 
,iiie{d+l,...,d + e},je{l,.. 



\ ill Vl,udvi - II viudijl 
hlflBl-'dBi-'-flB^-' 

f^rjLdBl-<' + y,^tB, 

That is, (after throwing away a nullset depending on B and t]) we have shown that t ^ 
At is a continuous path that takes values in (M'^"'"^) . It remains to demonstrate that 

ll-A|la'_//oi ^ °° ^'^^ ot < ot which is then enough to conclude thatA G C"'"' (M*^^*^) 
P-a.s. for a' < a due to the embedding of weak geometric rough paths into geometric rough 
paths (C^ C C^'^ for > fi' follows from |14| Theorem 19]). We show this Holder regularity 
by proving a stronger statement, namely that ||A|| q' has Gaussian tails. It is clear that the 

first level of A is a-Holder; to deal with the second level note that \As^t\ ~ ^It ^^'^ 
that 2q;— Holder regularity already holds for the first two cases, that is i, j G {1, . . . , d} and 
i, J G {d + 1, . . . , d + e} (in fact even a Gauss tail via the Fernique estimate for rough path 
norms |12|). Now for the remaining case we have from above definition of A^'^ that 



4*J 



< 



and since 



— \v\a-Hdl \B\a-Hdl I* 



1 2a 



1 

+ 2 



it just remains to treat 



. But 



since for each s < t, rjl ^j^dBi has the same distribution as y {'nl,u) du.Z for some 
fixed Z ~ A/" (0, 1), we also have 



exp 



/* {<u) dBi 



{t-s) 



2a 



Law 



exp 



V 



jlH,ufdu 



it 



\2a 



\ 



J 



and by the elementary estimate 



/s {vl,uY du < M\l_H6l - s)^""^^ we can conclude by 
taking sup^^^E in above expression and using the Gaussian integrability for Z, i.e. there 
exists a K > such that 



sup E exp 

s<t 



< oo. 



By |15l Theorem A. 19] this yields the desired 2a'-Holder regularity of J^*r/* 



for any 



a' < a. Putting everything together, we have shown that ||A||^,_j|^^j < oo, P-a.s. In fact 



We could define A directly via (|2.3p but the above way might be a bit more intuitive. 
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we even have shown 



sup Eexp {b \\A'^\\ %^Hdi) < oo, Va' < a. 

\\'n\\a-Hdl<r 

It remains to show the claimed Lipschitz continuity of the map r] i— t- A^. Therefore let q > 
go (a, a')) ^ given in [151 Theorem A. 13], take r?,^) € C^''^ with \\r]\\ a-Hdh WvW a~Hdl < ^ 
and denote the corresponding lifts A^jA^. Set e := p^' (A^,A^). By (|2.2p there exists a 
constant ci = ci (g, r) such that (we denote the Carnot-Caratheodory metric on G^_)_e with 
dec) 

dec (A7,Af ' 



L9(Q;K) 



[dec (As, At)I^,^^.jjjj , 

Moreover 

vri (a^,-AJ. 
and (again the constants c may only depend on r and g) 



<ci|t-sr''. 



^2 \ Kt - Kt 



2/q 

L9/2(Q;K) 



^vri (a^, - A^,) ® - Al) + A, - As, 



2/q 

Li{n;R) 



<■ rp'l/'^ If — <i\°"i -\- \ A , — A J^^"^ 



Also, 



,udvi - [ rfs,udrtu - ( [ vl,udrfu - [ vi,udvl 

J s \J s J s 



2/q 



L'J/2(n;R) 



< \t 



aq 



and finally 



'rjludB^'^--lvi,Bi/ 



2/q 

L'?/2(Q;IR) 









< 


c 


J s 








< 


c 


[ \V 






J s 


< 


\t - 


< 





Vlu-r]lu\ du 



aq 



2/q 

L'j/2(n;R) 
g/4 



+ C 



2/q 



+ c\vlt-vlt\'^' 



B 



■3-d 



s,t 
q/4. 



2/q 

L9/2(Q;IK) 



Hence, 



^2 \ Kt - Kt 



2/q 

L'?/2(Q;K) 



< C2e«/2 \t - S 



aq 
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and applied with m = m{r, q) := max |l, c\^'^ , c^^^^'^''^ we have ^/q > 1 that 

dec (a?,aF' 

-2 (Kt-Kt 



) 




< 




Li{n;R) 




) 




< 










< 


L9/2(n;]R) 





I 2a 



By [151 Theorem A. 13 (i)] there exists a q large enough and a constant k = k {a,a' ,T, 
such that 



sup 



^1 { Kt - Kt 



t - s 



< ekm and 



sup 



vr2 



A^, - A^, 



t - s 



< e (km) 



L9/2(n;l 



Using this with q and 2q we get from the definition of p^' that 
W'-Hoi (A^,A^ 



\Li(n;R) 



< 



sup 



t - s ° 



+ 



sup 



^2 [ Al, - Al, 



t- s 



2a' 



< 



In the above argument we assumed that q is large enough, but since is Lipschitz contin- 
uously embedded in for p > q, the result follows for all q. □ 

Remark 3. The nullset on which the equality (12. ip holds depends on € C°'" (M*^"^*^) (and 
the version of the stochastic process B). However, the important property of the lift is the 
local Lipschitzness of 77 i— ?■ A*' in L'^ (Q) which allows to treat the RSDEs in Section [3] as 
welle as the applications in Section HI 



3. Rough and stoghastig differential equations 

Our goal is to give meaning to the differential equation 

dSj' = a {S;!) dr + b (S;!) o dBr + c (5^) drj, 

i.e. for a fixed rough path t] we want to find a stochastic process S'^ on the probability space 
which carries the Brownian motion B. Theorem [2] guarantees the existence of a canonical, 
random joint lift A of i3 and 77, hence we can solve for every fixed rough path rj G C^'" the 
random RDE 

dS = a{S)dr + {b,c)dA 
= {a,b,c) d{r,A) . 

Theorem [6] shows that this is indeed the right solution in terms of approximation results 
as well as continuity of the solution map; Theorem [7] shows consistency with usual SDE 
solution in the case that rj is the rough path lift of another Brownian motion. Before that 
we introduce some standard notation. 
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Definition 4. Let (fi, J-", J-t,P) be a filtered probability space satisfying the usual condition. 
Denote with 5° (il) the space of adapted, continuous processes in M , with the topology of 
uniform convergence in probability. For g > 1 we denote with 5'^ (il) the space of processes 
X G 5° such that 



\X 



oo;[0,t] 



E 



sup|X,|9 

.s<t 



1/9 



< OO. 



3.1. Existence and continuity of the solution map. 

Assumption 5. a G Lip^^"^ for some e > 0, a G (|, ^) , 7 > ^ and b,c ^ Lip^ . 

Theorem 6. Let (17, J^, J-^, P) he a filtered probability space satisfying the usual conditions 
and carrying a e- dimensional Brownian motion B and a random variable Sq independent 
of B. Let {a,b,c) fulfill Assumption \^ for some a G (|,^)- Then there exists a ds- 
dimensional process S'^ G 5" such that for every sequence f?" G C'^ ([0,7"] and 

such that (1 + 77" + J vj"" drj""^ — )•„ rj in p^-metric for some rj G C^'", the solutions (S")^ 
of the SDE 

dSI = a {SD dt + b (5^) odBt + c (5n dry^ (0) = Sq". 
converge uniformly on compacts in probability to S"^ , 

(3.1) 5" ^„^oo 5^ in 

and the process only depends on ij and the process B but not on the approximating 
sequence (f?")„. We say that S*^ is the solution of the RSDE 

S]^ = So+ [ a{S^)dr+ [ b{S^)odBr+ [ c{S;!)dr]. 
Jo Jo Jo 

Moreover, 

(1) \/q > 1, 5^ G SI (n), the map 

(3.2) {C^''',p^)^{S''{n),\.\si),V^S^ 

is locally Lipschitz continuous, 

(2) Vr > 0,V^ > 1 

sup E [exp {q |S"'| oo;[o,T])] < 00. 

\\v\\c,-Hol<r 

Proof. Choose a' < a large enough, such that 7 > 1/a' and apply standard existence and 
uniqueness result^ to get a solution of the RDE 



(3.3) 



S^ = So+ fa{S^)dr+ [\b, c) (S^!) dA'^ . 
Jo Jo 



^We only have a G Lip^^'^ so we have to use results on RDEs with drift (e.g. [151 Theorem 12.6 and 
Theorem 12.10 ]) to get existence of a unique solution. 
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Point (1) (and (l3TT]l ^. Let r],f] e C°'" {R'^), a' < a with 7 > := i,. By [6, Theorem 8] 
we have the deterministic estimat^, that for some c*, any /3 € (0, 1) there exists c = c (c*, /3) 
such that 

Pp'^var (5^, S^) < C.pp^.^ar (A^, A^) exp {-N (/?, C^) log (1 - (3)) 

where v,N are given as in Lemma [14] below. Hence, for every q>l, 



sup 

t<T 



\Pp'-var (5*^, 5*^) I i9(n;IE 



< 

L9(Q;IR) 

<c\pp>-var {^''^■^'')\L2i{n-R) N^P ("iV (/?, C*) log (1 - /3)) |^2, (f^-jR) 

< c |p„/_Ho/ (A^, A^) |exp {-N {(3, c*) log (1 - 

< cpa-Hoi iv, V) |exp {-N {/3, c*)) log (1 - /3) I ^2^^^.^) ■ 

By Lemma [HI we know that for every q > l,r > there exists /3o > such that for 

WvW a-Hol, WvW a-Hol < r, wc havc for /3 < /3o that 

|exp (-iV(/3,c*) log (1-/3)) |^,(^.^) 

is bounded. This yields the desired local Lipschitzness of the solution map (j3.2p . Now 
apply this continuity with the fact that if r/ is the lift of a smooth path r], then S'^ is the 
standard SDE solution of the SDE 

dS = a (Sr) dr + b (Sj-) dBj- + c (Sj-) dr]r- 

(e.g. p^, Section 17.5]). 

Point (2). Fix r > and apply [El Theorem 10.14] to get 

\S\p'-var;[s,t] < C (^\\A\\ p, _^ar;[s,t] V II A|| • 

and define the control 

V{s,t) := (||A||p,_,,,.[,,j] V \\M\p'.,ar;[s,t]y ' 

Then for any partition D of [0, t] 

\S\ oo;[0,t] < I'S'ol + I'S'. - Sti\ oo;[U,ti+i] 

UeD 

< I'S'ol + ^ \S\p-var;[U,ti+i] 

UeD 

<|5o|+c^y(ti,t,+i)i/^''. 

Using for a > the partition defined as 

to (a) := and tj+i (a) := inf |s > (a) : F (fij (a) , s) > | V t, 



' This estimate modifies the estimates in [15^ in a way that is essential to get integrability in our context. 
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we arrive at 



\S\ 



oo;[0,t] 



< |5oI + cqP (sup{n :tn<t} + l) 



The exponential integrability then follows as in the proof of Lemma [ 
3.2. Consistency with SDE solutions. 



□ 



Theorem 7. Let (17, J", J'j, P), B,So and a,b,c be as in Theorem \B Let J", J't, P) 

he another prohahlity space satisfying the usual conditions and carrying a e- dimensional 
Brownian motion B and denote 



So+ a(Sr]dr+ b(Sr] odBr+ c(Sr]odB 



Let S be the unique solution on [Q, T, Tt,¥] of the SDE 
(3.4) S 

Denote with B the Stratonovich lift of the Brownian motion B on J-", J-'j, P) . Then /< 
P-a.e. G n 



or 



(3.5) 



5t(cJ, 



1. 



Proof. Denote with (^B,B^ the enhanced Brownian motion of the (e + e)-dimensional 
Brownian motion (^B,B) on (^Cl, j^, J't,^^ ■ We want to compare it to A"^, i.e. Theo- 
rem [2] applied with r] = B. Note, cannot use that Co = (tJ, w) i-)- A-^'^'^-' (w) is a random 
variable on il., i.e. it might not necessarily be J^-measurable (joint measurability in (tJ, w)). 
However, we know by the construction of A"^ that vri (a^) is J^-measurable and coincides 

with TTi {{B,B)) P-a.s. We now consider only one component of the second level, the oth- 
ers follow similarly. So without loss of generality let i € {1, . . . ,e} , j € {e + 1, . . . , e + e}. 
Then 



B,B 



(2);i,i 



B„dBl 



a.s. 



By standard results on Ito-integration we have 



BldBi-'^^ 



k=l 



(CJ) 



B 



k/2"t 



B 



(fc-l)/2"t 



UJ 



for all cD = {uj,uj) in j4 C ^ and P j^^dj = 1. By a Fubini type theorem (e.g. [l] Theorem 
3.4.1]), there exists a C such that for a; € we have that A^^ := |a; : (cJ, w) G 
satisfy P^ A^^ = 1. On the other hand for fixed ZJ € 17 

Af)^^'^(S(^))= f%{u:)dBr'^. 
Jo 
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Now 



for ijj^ G D^^ C il'^ with ¥^ [D^i] = 1- Here, as well as the subsequence {rim) m will 
depend on cj. So for cj € il, G PI -D^; we have that 







) =i™oE^{fc-l)/2'H 
A:=l 



B 



B 



(fc-l)/2"t 



k=l 



B- 



j-dy 
k/2"rnt 



B 



j-dy 

{k-l)/2"rnt 



B 



bI (uj) dBi 



—d\ 



CO 



B 



Here, the second equality follows from the fact that the sum already converges along 
n, so it will converge along any subsequence {rim) m- Noting that for a; S we have 



(3.6) 



1 we get that for P^-a.e. u; G 



a.s. 



Now by standard rough paths results (cf. |15| Section 17.5]), the RDE solution to (|3.3p 
driven by (S, S) corresponds P-a.s. to the SDE solution of (13. 4p . Combining with (13. 6p 
we arrive at (13.51). □ 



4. Applications 

4.1. Robustness in Nonlinear Filtering. Nonlinear filtering is concerned with the esti- 
mation of a Markov process based on some observation of it; e.g. consider the classic case 
of a Markov process (X, Y) that takes values in W^x+dy q£ ^j^g form 
(4.1) 

f dXt = lo{Xt,Yt)dt + j:jZ{Xt,Yt)dB^ + j:.Lj{Xt,Yt)dB{ (signal) 

) dYt = h{Xt,Yt)dt + dBt (observation) 

with B and B independent, multidimensional Brownian motions. The goal is to compute 
for a given real- valued function ip 

7rt{^)=E[^{Xt)\a{Yr,r e[0,t])]. 

From basic measure theory it follows that there exists a measurable map 

(4.2) ef : C7 (^[0,T] ,M'^y) ^ M such that 9f (y|[o,t]) = {^) F - a.s 
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In the late seventies Clark pointed out that this classic formulation is not justified in practice 
and it would be natural if 6f (.)is continuou^. Clark showed that in the uncorrelated noise 
case (i.e. L = in l4.ip there exists a unique 

: C [[0,T] ,R'^^^ 

which is continuous in uniform norm and fulfills (14. 2p . thus providing a "robust version" 
of the conditional expectation TTf (ip). Unfortunately in the correlated noise case this is no 
longer true (it is easy to construct counterexamples; see ^ Example 1]). Recently, it was 
shown in [7] that also in this situation robustness prevails, however only in a rough path 
sense, i.e. there exists a map 

: C°'° (m^^) ^ M such that (l^|[o,t]) = n (if) P - a.s 

here Y is the canonical rough path lift of the semimartingale Y. The argument in [7] relies 
on an observation of Mark Davis [8j, namely that under an appropiate change of measure 
the observation y is a Brownian motion independent of B, the signal satisfies the SDE 

(4.3) dXt = lo {Xt, Yt) dt + Y^Zk {Xt, Yt) dYl' + J] Lj {X^ Yt) dB{ 

k j 

where Iq = lo + Z^hj^ and that the robustness question is linked to the (rough pathwise) 
robustness oiY ^ X. To treat the resulting differential equation driven by Brownian noise 
B and a rough path (instead of 1") a flow decomposition is used in [7j . We can now replace 
this argument by Theorem [6] and Theorem [7] which leads to different regularity assumptions 
on the vector fields. 

Theorem 8. Let ip G Lip^ mid let j > ^ for some a G (^, ^) and 

lo € Lip^+\ h,Z,Le Lip^ 

for some e > 0. Denote with {X,Y) he the solution of Then there exists a continuous 

map 

0: (CO'-,p„) ^(M,|.j) 

such that 

e{Y)=W.[^{Xt)\(j{Yr,r € [0,t])] P - a.s. 
where Y denotes the Stratonovich lift of the semimartingale Y to a geometric rough path. 

Proof. To switch the equation (14. 3 1) to the Stratonovich formulation define 

Lo{x,y) = To-^YJ2^^'^k(^^y)^k{x,y) -^YdykZl{x,y) 

k i k 

k i k 

'''The functional is only uniquely defined up to nuUsets on pathspace but only discrete observations 
of Y are available; further the model choosen for the observation process might only be close in law to the 
"real-world" observation process. 
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By Theorem [6l 

dX;> = Lo{X^,Y,^)dt + Z{X^,Y,^)drj, + ^L,{x;>,Y,^)odBl 

3 

dl^ = h{X^,Y,^)dvt-lD,h{X^,Y,^)dt 

has unique solution (X^,Y^^,/^) G 5^ and following the proof of [71 Theorem 6] shows 
continuity of 6 (for these steps it is important to have E [exp (^-^t')] < oo for g > 2 as 
guaranteed by Theorem [H]) . Similarly, we can follow step- by-step [TJ Theorem 7] to show 
the consistency 6 (Y) = nt {(f) P — a.s. □ 

Remark 9. The regularity assumption in [7] is /i, Z G Lip'^~^'^,L G Lip^, i.e. above approach 
allows to relax the regularity of the sensor function h and Z by two degrees of regularity 
for the price of an additional degree of regularity of L = (ii)^^^. 

4.2. Feynmac Kac representation for linear RPDEs. Over the last years there has 
been an increased interest in giving a (rough) pathwise meaning to stochastic partial differ- 
ential equations and several approaches have emerged. We mention the work of Gubinelli 
et al. [9l [T7], Hairer et al. |18| [T9] and Teichmann |28| . The approach we focus on in this 
section is related to the work of Lions and Souganidis |22j and Friz et al. [21 [3l |TT1 [1^. In 
a setting similar to the one in we are able, using rough SDEs, to prove existence and 
uniqueness of solutions under weaker assumptions on the coefficients and give a stochastic 
representation for the solution. 

Definition 10. Let rj G C°'" {R'^) be a geometric rough path for some a G (0, 1] and 
a : ^ M"^', a : ^ M™, : M"* x M x M"^ ^ M and (/> : M"" ^ M be such that 
for every rj G ([0,T] ,M'^) there exists a unique bounded, uniformly continuous, viscosity 
solution v^i : [0, T] X ^ M to 

d 

-dtv"^ - L {x, Dv"^, D^v'^) -^Gi (x, v'^,Dv'^) 4 = 0, 

i=l 

v'^ (T, x) = (j) (x) 

where 

L : X M"" X S"" ^ M is given as L {x,p, M) := Tr [a (x) o"^ {x) M] + a {x) ■ p. 

We then say that a bounded, uniformly continuous function v : [0, T] xM"^ — )• M is a solution 
of the rough partial differential equation (RPDE) 

-dv - L (x, Dv, D^v) dt -G (x, v, Dv) drif = 0, 

V (T, x) = (j) (x) , 
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(with G = {Gi,...,Gd)), if for every sequence of smooth paths (r/")„ C ([0,r],M'^) 
such that ry" — > r/ as n — )• oo in rough path metric we have in locahy uniform convergence 



w as n 



oo. 



Remark 11. Of course above definition is only of use if one can show the existence of a 
solution for an interesting family of (L, G, (j)) in the above sense (uniqueness is built into 
the definition by the uniqueness of the approximating solutions). This is still an area of 
active research but we mention that for example if G is affine linear there exists a solution 
in above sense (via the method of characteristics; see |21lEl[T3]). The theorem below shows 
the existence of such a solution and gives a Feynman-Kac representation via RSDEs as 
introduced in Section [3l This finally leads to lower regularity assumptions on the noise 
vector fields (however, in contrast to |21l HI [T3] it only applies to linear operators L). 

Theorem 12. Let rj E C'^'" be a geometric rough path, a G (0, 1]. Assume 7 > ^, o", c E 
Lip^ , > 1, a G Lip''' . Assume cj) is bounded and uniformly continuous. Then, there exists 
a unique solution to the RPDE 

—dv — L [x, V, Dv, D'^v) dt — c {x) ■ Dvdrj^ = 0, 

V (T, x) = (p (x) , 



Moreover v {t,x) 



E 



s: 



dst 

s „ 



where S^'^ denotes the solution of the RSDE 
a iSl^'') dt + a (S,'*'") dBt + c (3^'') dri^, 



X. 



Proof. Let (r/")^ be a sequence of smooths paths converging to r] in rough path topology. 
For every fixed n we have the Feynman-Kac representation (see e.g. \27\ Theorem 4.13]) 



E 



s: 



■•n,t,x 



7;" {t,x) 

where v"^ is the unique, bounded viscosity solution to 

-dv"^ - L {x, v", Dv"", D^v"") dt-c (x) • Dv'^dri]^ = 0, 

7;" (r,x) = 0(x), 

and 5'"'*'^ solves the standard SDE 

dS"^'"'^ = a {S"^'''^) dt + a (5i"'''") dBt + c (5j^'''") dr]"^ 
S^'''^ = X. 

Theorem [6] and Theorem [7] now give the pointwise convergence 



It ' 



v"" {t,x) =E 



s: 



n,t,x 
T 



E 



s: 



t,x 



--: V (t, x) . 



To get locally uniform convergence, it suffices to show local equicontinuity of {v'^)^ (by the 
Arzela-Ascoli theorem). By the same arguments as in Theorem 6 one sees that a rough 
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SDE is also locally uniformly continuous in the initial condition Sq, uniformly over t] in 
bounded sets. Moreoever, it is straightforward to show, that for every q >1 



E 



1^^ \\p;[0,t] 



o (1) as t 0, 



locally uniformly for rj. Putting the above together yields the local equicontinuity of the 

Remark 13. Theorem 1121 can be easily extended to cover equations of the type 

—dv — L (t, X, V, Dv, D^v) dt — G {t, x, u, Du) drj^ = 0, 

V (T, x) = (t) (x) , 

where G is affine linear in (u, Du) (as in [llj). For brevity we only treat the gradient case. 
Further note, that we only assume c € Lip^ in contrast to Lip'^~^'^ as in [H [11] where a flow 
decomposition is used. 

5. Appendix 

Lemma 14. Let T],fj G C'^'", with corresponding lifts ( as in the proof of Theorem\B^ A^, A''. 
Let ||r/|| Q, \\f)\\ a < r. Let c > 0. Let a' < a with 7 > ^ arid let p' '■= Define 

V{s,t) := IIA^p; . . + \\AW', 

^ ' ' II II p' —var;[s,t\ II \\p' —var;ls,t] ' 

N{x,y) : 



f{x,y) sup 

V(t.A+i)</(x,y)-i , 



where 



f (x, y) ■■= ,_w s „ and ^ (x) := x exp (x) . 



V'-i (x)P 

For every q > 1 there exists /3o = /3o (r, c,q)>0,k = k (r, c,q)>0 such that for (3 < (3o 

|exp i-N {f3, c) log (1 - mL^(n;R) < k- 

Proof. Define 

M (/?, c) := sup {n : n (/ (/3, c) + • • • + t„ (/ (/3, c) -^) < T} , 

where 

To (a) := and Tj+i (a) := inf {t > : F (fij (a) , Uj (a) + t) > a} 

(with the convention inf = cx) and oo — oo = oo) and (jj (a) := X^j=i (o) • By the same 
argument as in |5l Proposition 4.6] one sees that N (/3, c) < 2M (/3, c) + 1 so it is enough to 
estimate the tails of M. We estimate 

P [M (/?, c) > n] = P [n (/ (/3, c) -1) + • • • + r„ (/ (/?, c) -i) < T] 

< P [n (/ (/3, c) A <A (/3) + • • • + T„ (/ (/3, c) A <A (/?) < T] , 
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where we take 4> to be the function given in Lemma [T5j Define 

:= mi (/3) := E [n (/ (/3, c) A <P (/3)] and Sn := ^fl U ^) A - m,] 



rrn 



i=l 



and write P [M (/?, c) > n] < P < ^ - ^ J^^^^ nii] . Now Lemma IS] shows, that < 
'm {P) < ^ Ym=i where m (/3) := Then for ah n > uq (T, /3) :— 



P [M (/3, c) > n] < 



5„<--m(/3) 



For brevity, denote Eq := (/?). We use Hoeffding's inequality, \20\ Theorem 2 ], to arrive 
at 



1 



Sn<-^m{f3) 



(5.1) P[M(/3,c) > n] < P 
Now 

oo 

E[exp(-(7log(l-/3)M(/3,c))] <^ 



[Sn < -£o] < 2 exp 



n=l 



M(/3,c) > 



logn 



g(- log (1-/3)) 



For n > ni := exp ((no + 1) (— log (1 — /3)) q) one has by (IS.ip that 



M(/3,c) > 



log n 



.(/(-log (1-/3)) 



< 2 exp 

< 2 exp 
= 2 exp 



2el 

HP)'- 



log n 



'(-log (1-/3)) 



2e 



V</.(/3)2 
H/5) 



exp 



logn 



<A(/3)2Q(-log(l-/3)) 



,^.(/3)^9{-log(l-/3)) 



Finally, pick /3o = /3o (g) such that 



2 exp ( -j n 49(-iog(i-/3)) 

> 2 for ^ < ^0- Then for /3 < /3o 



4g(~log{l-/3)) 



E [exp (-g log (1 - /3) M (/3, c))] < m (/3) + 2 exp J C (2) , 

and ni (/3) is bounded for ||?7|| a-Hoi, WvW a-Hoi bounded, by Lemma [TSl This finishes the 
proof. □ 

Lemma 15. Let r],fj ^ C^'°^, with corresponding lifts (as in TheoTem\B^ A^,A^. Then 
there exists a function (j) = (j) (??, fj) : — t- M-|_, such that (j) (x) > for x ^ such that for 
all n > 1 

^TE\nif(P,c)~')Acl>m>^. 

n 



j=i 
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Proof. For every i > 1 

E [n (/ (/?, c) A (/?)] > P [n (/ (/?, c) > <p (/3)] ■ cp (/3) 

= (l-P[r,(/(/3,c)-i) <</<(/?)]) • </)(/?) 

>(i-P[t,(/(^,c)-1)<0(^)])-0(^) 

= {1-F[V {{ai (/ c)) , (/ c) "i) + (/?)) > / c) "^j ) • . 

Now, by Markov inequality, 

P [V^ (^i (/ c) , a, (/ c) + (/?)) > / c) 
< / c) E [y (a, (/ c) , a, (/ iP, c) + <^ (^3))] . 

Hence 

E [n if W, c) A (/?)] > (l - / c) E [y (a, (/ (/3, c) -i) , a, (/ (/3, c) -i) + (/?))]) • (/?) . 
Summing up we get 

^^E[r,(/(Ac)-^)A</.(/3)] 



i=l 

n 



(5.2) 
Now 



^ ^ E (l - / C") E [F (a, (/ c) -^) , a, (/ c) "i) + (/?))] )• 

i=l 

= (l-f{P,c)^^E[V {ai (/ iP, c) , a, (/ c) + (/?))]) ■ . 

i=l 



(l-f{P,c)-J2^ [V {ai (/ c) , (/ c) + <f> 
> (l-/(^,c)supE[y(r,T + (/?))]), 



where the supremum is over all stopping times r. We define 

1 



and claim that ij!) > for /3 > 0. Indeed, note that 



2/(Ac)j ■ 



SUpE[y (r,r + a)] = SUpE [WA^ -.ar;lr,r+a] + 11^1 



p' —var;[T,T+a] 



< supE 



a 11-^^11 a'-ifo/;[0,r] + ''^ 11^'' II a'-Hdl;[0,T] 



E 



l|A''r.._H.Z;[0,T] + l|Air., 



-i/6i; [0,r] 



a, 
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which shows that (j) (/?) > for /3 > 0. By construction of A we have in particular that 
(f) is bounded away from for \\r)\\ a-Hdh WvW a-Hdl bounded. Then by (j5.2p 

i^E[r,(/(/3,c)-i) A0(/3)] > (l - / (/3, c) supE (r, r + <A • (/3) 

4=1 

>^'A(/3), 

and this concludes the proof. □ 
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